Solution of KdV Equation by Haar Integration Method by Bhowmik, Subrata & Bal, Prasenjit
 1 
Solution of KdV Equation by Haar Integration Method 
Subrata Bhowmik, *Prasenjit Bal 
Department of Mathematics, Tripura University 
Suryamaninagar, Tripura, INDIA-799022 
bhowmik_math@rediffmail.com 
*ICFAI, Tripura 
balprasenjit@gmail.com 
Abstract 
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1. Introduction 
The use of wavelets in the _eld of numerical analysis is widely accepted. Some interesting wavelets are Haar 
wavelet, Daubechies wavelets etc. There are many areas like numerical integration, numerical integral equation, 
image analysis etc. where wavelets are used immensely. There are very few literatures, where wavelets are used 
to find numerical solution of partial differential equation. Chen et. al [1] established operational matrix for the 
first time by using orthogonal functions. Since then many operational matrices are constructed based on various 
orthogonal functions, such as block pulse, Legender, Chebychev, Laguere, Fourier. The main characteristic of 
this technique is to convert a differential equation into an algebraic equation, and hence the solution procedure 
is greatly simplified. One such approach can be found in [4] in solving heat equations. 
In this paper we are interested to apply this process with the Haar wavelets to find numerical solution of a KdV 
equation. 
2. Haar wavelets 
The orthogonal set of Haar function is a group of square waves with magnitude of 1  in some interval and 
zeros elsewhere. These zeros make the Haar transform faster than other square functions. The first eight 
orthogonal Haar functions are shown in figures [1-8] below. 
The first curve of Fig.1 is that 0 ( ) 1h x   during the whole interval 0 1x  , it is called the scaling function. the 
second curve 1( )h x  is the fundamental square wave, called the mother wavelet which spans the whole interval 
(0; 1). All the other subsequent wavelets are obtained from 1( )h x  with operations: translation and dilation. 
In general, 
1( ) (2 / 2 )
j j
nh x h x k  ; 2
jn k  ; 0,0 2 jj k   . 
We have seen that all the Haar wavelets are orthogonal to each other: 
                                                        
1
0
( ) ( ) 2 ji l ilh x h x dx 
  
 
 
Figure 1: Haar Functions 
Therefore, they form a good transformation basis. Any function ( )y x , which is square integrable in the interval 
(0; 1), can be expanded into Haar wavelets: 
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For the grid points 1/8, 3/8, 5/8, 7/8 the first four Haar functions can be expressed as- 
0 ( ) (1 1 1 1)h x  ; 1( ) (1 1 1 1)h x    ; 2 ( ) (1 1 0 0)h x   ; 3( ) (0 0 1 1)h x   . 
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3. Integration of Haar wavelets 
To solve differential equation, it is frequently needed to perform integrations. Chen et. al ([1], [2]) have developed 
the integration technique for Haar matrix. 
Let us consider a fourth order system. The integrals of the first four Haar wavelets can be expressed as: 
0
0
( ) ,0 1 1/8(1 3 5 7)
t
h x dx t t                 ......................(3.1) 
1
0
,0 1/ 2
( ) 1/8(1 3 3 1)
1 ,1/ 2 1
t t t
h x dx
t t
  
  
   
 .......................(3.2) 
2
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1/ 2 ,1/ 4 1/ 2
t t t
h x dx
t t
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 ..............(3.3) 
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t t t
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t t
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 ...................(3.4) 
Writing them together we get, 
4
0
1 3 5 7
1 3 3 1
( ) 1/8
1 1 0 0
0 0 1 1
t
H x dx
 
 
 
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 
 
 ……………… (3.5) 
The integration of first eight Haar function is given by the figures below:  
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Let the integrals be expanded into Haar series. Thus: 
4 4 4
0
( ) ( )
t
H x dx P H t ………………….(3.6) 
Thus, 
1
4 4 4
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4 2 1 1
2 0 1 1
[ ( ) ] ( ( )) 1/8
1/ 2 1/ 2 0 0
1/ 2 1/ 2 0 0
t
P H x dx H t 
   
 
   
 
 
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Following the same procedure, the integration matrix 8P  can also be obtained. It is seen that, 
4 4
8 1
4
16
1/16
0
P H
P
H 
 
  
 
……………………………(3.8) 
In general, for an m th order system with 2 ,jm j is a positive integer, mP  is given by,  
/ 2 / 2
1
/ 2
2
1/ 2
0
m m
m
m
mP H
P m
H 
 
  
 
……………………………(3.9) 
4. Use of Haar Wavelet Integration Method in KdV Equation: 
The general form of KdV equation is given by, 
t x xxxu uu u   ……………………(4.1) 
where ( , )u u x t , t
u
u
t



, x
u
u
x



 and 
3
3xxx
u
u
x



…………….(4.2) 
With the initial conditions: 
        ( ,0) ( )u x g x , 3(0, ) ( )xxu t f t , 2(0, ) ( )xu t f t , 1(0, ) ( )u t f t ……………(4.3) 
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Let, the highest order partial derivative of u with respect to x be expanded into Haar functions, i.e.  
( , ) ( ) ( )xxxu x t a t H x  
3( , ) ( ) ( ) (0, ) ( ) ( ) ( )xx xxu x t a t PH x u t a t PH x f t      
2 2
3 3 2( , ) ( ) ( ) ( ) (0, ) ( ) ( ) ( ) ( )x xu x t a t P H x xf t u t a t P H x xf t f t        
2 2
3 3
3 2 3 2 1( , ) ( ) ( ) ( ) ( ) (0, ) ( ) ( ) ( ) ( ) ( )
2 2
x x
u x t a t P H x f t xf x u t a t P H x f t xf x f t          
Putting the value of x  as m  different grid points we can have m equations, by solving this we can find the row 
matrix ( )a t  and thus, 
2
3 2
3 2 1 3 2( , ) { ( ) ( ) ( ) ( ) ( )}{ ( ) ( ) ( ) ( )} ( ) ( )
2
t
x
u x t a t P H x f t xf x f t a t P H x xf t f t a t H x         Now 
we use time discretization as: 
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u x t t u x t t a t P H x f t xf x f t a t P H x xf t f t a t H x             
where  t  is very small [ t =0.0001(say)]. 
 
Using the formula, we can have the value of ( ,0.0001)u x  and then by the above procedure we must 
calculate the value of (0.0001)a . Subsequently, we can have the value of ( , )u x t  for different values of x  
and t . 
5. Numerical Example: 
For example let, the value of  6   and 1  . then the sample KdV equation is 
6t x xxxu uu u   
We consider the initial conditions: 
2( ,0) 3sec ( / 2);u x h x  
2(0, ) 3sec ( / 2);u t h t   
2(0, ) 3sec ( / 2) tanh( / 2);xu t h t t     
2 4(0, ) 3sec ( / 2) 3/ 2sec ( / 2).xxu t h t h t      
The exact solution of the above KdV equation is 
2( , ) 3sec ( / 2 / 2)u x t h x t  . 
We put the above algorithm and above data in the MATLAB programming. 
This gives us the following result: 
For t = 0:0001, m =64.  
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x u(Calculated) u(Exact) Absolute Error 
1/128 2.9999576419967187 2.9999553884500814 2.253546637298598E-6 
3/128 2.999591270815972 2.999591557896394 2.8708042210112694E-7 
5/128 2.998858122392603 2.9988617307028687 3.6083102656903066E-6 
7/128 2.9977757407639056 2.997766263061861 9.477702044513592E-6 
9/128 2.996288405889849 2.9963056893726057 0.000017283482756536017 
11/128 2.9945077774997015 2.9944807216874736 0.000027055812227949616 
13/128 2.9922534770199 2.9922922489747883 0.0000387719548884391 
15/128 2.9897937834616397 2.989741336199499 0.00005244726214082007 
17/128 2.9867611495106856 2.986829223223351 0.00006807371266548401 
19/128 2.9836429755934946 2.983557323526499 0.00008565206699540084 
21/128 2.979822034006432 2.9799272227528157 0.00010518874638387743 
23/128 2.975839887024201 2.975940677081466 0.00010079005726515433 
25/128 2.971730626230075 2.9715996114275987 0.00013101480247623698 
27/128 2.9667602873032406 2.9669061174753275 0.00014583017208691373 
29/128 2.9620421776831964 2.9618624515464136 0.00017972613678285398 
31/128 2.9562723321386155 2.9564710323083685 0.00019870016975298554 
33/128 2.9509706729963763 2.9507344383259633 0.00023623467041300472 
35/128 2.9443960063044057 2.944655405460335 0.0002593991559294295 
37/128 2.938537365476061 2.9382368241201955 0.0003005413558656578 
39/128 2.931153810230033 2.9314817363698076 0.0003279261397746147 
41/128 2.924765980133642 2.9243933328986644 0.0003726472349776522 
43/128 2.9165706698191527 2.91697494985799 0.0004042800388375234 
45/128 2.9096826189993354 2.9092300655693606 0.0004525534299748557 
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47/128 2.9006738374196286 2.9011622971109565 0.000488459691327936 
49/128 2.8933156579168005 2.892775396787087 0.000540261129713393 
51/128 2.883492784619299 2.8840732484868203 0.0005804638675215301 
53/128 2.8756956355206844 2.875059863937623 0.0006357715830613841 
55/128 2.8726737191954275 2.8662844996131485 0.006389219582279004 
57/128 2.8499060093575284 2.8566784960764817 0.006772486718953363 
59/128 2.85419396055847 2.8467737647004707 0.0074201958579993565 
61/128 2.828723595032569 2.8365747828837526 0.00785118785118355 
63/128 2.8357525600010383 2.826086136015559 0.009666423985479344 
65/128 2.8050217526775993 2.8153125132339443 0.010290760556344924 
67/128 2.8151947679253926 2.8042587031229096 0.010936064802482992 
69/128 2.7813300741187907 2.792929589354913 0.011599515236122127 
71/128 2.7936139856987428 2.7813301462852875 0.012283839413455233 
73/128 2.7564790320617165 2.7694654345050775 0.012986402443361023 
75/128 2.771050344262287 2.7573405963587834 0.013709747903503544 
77/128 2.730509429272412 2.7449608514334503 0.014451422161038341 
79/128 2.747545282363663 2.73233149202553 0.01521379033813286 
81/128 2.7034633042423373 2.7194578785918275 0.015994574349490254 
83/128 2.7231414019251083 2.7063454351908187` 0.016795966734289625 
85/128 2.6753837859547147 2.692999644920513 0.017615858965798203 
87/128 2.6978823224801918 2.679426045358937 0.01845627712125486 
89/128 2.646314948007303 2.665630224013227 0.019315276005923643 
91/128 2.671812535313145 2.651617813783173 0.020194721529971815 
93/128 2.6163016629746423 2.6373944884449365 0.02109282547029423 
95/128 2.6449772581388586 2.6229659581605422 0.022011299978316412 
97/128 2.5853894576551304 2.608337965018573 0.022948507363442783 
99/128 2.617422291095185 2.5935162786113466 0.023906012483838612 
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Using the above solution of ( , )u x t at t = 0.0001, we can calculate the value of ( , )u x t at t = 0.0001 + t = 
0.0002 and so on. 
6. Conclusion: 
In the proposed method in is seen that for calculation of ( , )u x t  for a fixed value of t and for different values 
of x in [0; 1] at the fixed value of t, the error in ( , )u x t  gradually increases as t increases. 
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